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To: Arny Stromberg, chair quantitative foundations vetting committee

From: Russell Brown, dus math

Subject: Proposal to include MA 137, Calculus I with Life Science Applications in
the new General Education program

Date: April 12, 2010

Attached, find a syllabus and sample assignments for MA 137, Calculus I with
Life Science Applications. This is a new course that was recently approved by the
College of Arts and Sciences Educational Policy Committee and is now wending its
way through the bureaucracy. We request that this course be approved as one path
that students may use to satisfy part III a), quantitative foundations, of the proposed
new General Education program. We expect that this course will be taken by students
who are considering a course of study with high expectations for quantitative skills.
The department intends to offer a variety of courses to allow students to choose a
course that is appropriate to their intended course of study.

Learning outcome 1. Students in MA 137, Calculus I, are asked to write func-
tional models and then use Calculus to answer questions about these models. Typical
problems include writing a quadratic function to give the height of an object that is
falling under the influence of gravity One might might be asked to find the height
a particular time or to find the time when the object is at its highest point. The
emphasis is not on memorizing formulae which answer questions, but being able to
lay out the reasoning behind these formulae.

Another class of problems arise from geometry where one is asked to find tan-
gent lines to curves with specified properties. Again, these problems have concrete
realizations which can be visualized by drawing graphs on paper or with the aid of
prosthetic devices such as a calculator. In these problems, students are expected to
relate algebraic or symbolic information to geometric properties of the graphs.

The example assignments include two applications to biology. One tries to explain
observations about arterial branching and the other is simple population model.

We believe that this course provides ample preparation in studying deterministic
relationships between numerical quantities and will prepare students for the more
sophisticated statistical inferential reasoning where relationships are studied with an
additional element of uncertainty added.

Learning outcome 2. Students in MA 137 will be expected, at least at a rudimen-
tary level, to provide correct explanations for the mathematical statements that they
make. In recitation classes, students are given the opportunity to make presentations
to their peers, on exams students are expected to provide written justification of their
work, and students are given a small number of longer written assignments that ask
them to work through a several step solution to a mathematical or applied problem
and provide written justification of their work. Web homework is designed to include
a problems which approach an idea from a variety of directions, rather than series of
rote exercises, We do not typically ask for in depth explanations on web homework



problems as we are not yet ready to automatically grade these responses. Rather, we
try to develop good habits by providing students with a variety of problems so that
mermorizing recipes is not an efficient way of producing correct solutions,

In addition to providing examples of correct reasoning through presenting math-
ematics, students are asked to study examples that illustrate typical logical fallacies.
Thus, a student will see the distinction between a logical implication (if & function
is differentiable, then it is continuous) its converse (if a function continuous, then it
is differentiaable) by studying examples of functions which are continuous, but not
differentiable.

Information literacy. We believe that mathematics is a fundamental skill in pro-
cessing information and thus the information literacy component of the course will
be focused primarily on the deductive reasoning techniques that we are working to
develop in our students.

In addition, we present a small number of additional assignments that ask students
to find more information about the historical development of the subject of Calculus.

To assess our students learning, we will rely on the longer written assignments. For
the past few semesters, students have been asked to complete six written assignments
and these are graded by teaching assistants using & uniform rubric developed by the
course coordinator. The ideal assignment will ask a student to formulate a more-
or-less real life problem in mathematical terms, illustrate this problem by examples,
develop a careful mathematical solution of this problem, and interpret the mathemat-
ics in terms of the original problem. Examples of such problems from are attached
to this proposal. Several of these assignments are locally written (though we are not
so bold as to claim that we have invented a new Caleulus problem) and others are
taken from the textbook that we use for MA 113, Calculus (Early Transcendentals),
6th edition by James Stewart.

Attached to this memorandum, please find a syllabus and course calendar for MA
137 and sample written assignments. Several of these have been used in past semesters
in MA 113, several are new and involve biological applications. A few are intended to
address the information literacy component of the new General Education program
and have not been used in the past.

Attachments:

e Proposed syllabus for MA 137.
¢ Sample written assigniment: Fish Management

e Sample written assignment: Arterial branching

Project from Stewart: Early methods for finding tangents

Project from Stewart: Newton, Leibniz, and the invention of Calculus




MA 137 601 Calculus I with life science applications

Time: MWF 9-9:50, lecture, TR 9:30-10:20 recitation.
Instructor: Alberto Corso

Office: 701 Patterson Office Tower

Mailbox: 715 Patterson Office Tower

Phone: 859 257-3167 (or 859 257-3336 to leave a message)
" Email: corso@ms.uky.edu

Office Hours: TR 11:00-12:15, and by appointment.

Course overview: In Calculus I with life science applications, we will learn about derivatives,
integrals and the fundamental theorems of calculus. We begin by introducing the notion of a limit.
Limits are essential to defining derivatives and integrals. By the end of the semester students should
know precise definitions of the derivative and the integral and the fundamental theorem of calculus
which gives the relation between the derivative and the integral. We will illustrate the methods and
ideas of calculus by studying several problems from biology. We will learn the interpretation of the
derivative as a rate of change, and model growth and declines of populations.

Student learning outcomes:

Students will compute fluently.

Students will apply the methods of calculus in new contexts to solve unfamiliar problems.
Students will write correct justifications for their solutions to problems.

Course outline

Preview and review
Preliminaries, elementary Functions, and graphing

Discrete time models, sequences, and difference equations

Exponential growth and decay
Sequences
More population models

Limits and continuity

Limits

Continuity

Limits at infinity

The Sandwich Theorem and some trigonometric limits
Properties of continuous functions

Differentiation

Formal definition of the derivative
The power rule, the basic rules of differentiation, and the derivatives of polynomials




The product and quotient rules, and the derivatives of rational and power functions
The chain rule and higher derivatives

Derivatives of trigonometric functions

Derivatives of exponential functions, exponential growth of populations
Derivatives of inverse and logarithmic functions

Approximations and local linearity

Applications of differentiation

Extrema and the Mean Value Theorem
Monotonicity and Concavity

Extrema, inflection points, and graphing
Optimization

L'Hospital's rule

Difference equations: stability, logistic growth

Integration

The definite integral
The Fundamental Theorem of Calculus
Applications of integration

Text: Calculus for Biology and Medicine by Claudia Neuhauser.

Class Attendance and Participation: This class is designed for active involvement of
the students. You will be actively supporting each other as you gain experience and under-
standing. Multiple ideas and points of view are important. You will benefit from hearing
others’ approaches to problem solving, and they will benefit from you. So attendance and
active participation are expected and contribute toward your grade.

Homework: There will be regular homework assignments. Weekly quizzes will be given that are taken
from the homework.

Examinations: There will be three examinations and a final.

Grading:
Class attendance and participation 10%
Homework quizzes 10%
Exams 60%
Final 20%

Grading scale:
Lowest A 90%.
LowestB 80%
LowestC  70%
LowestD 60%
E Below 60%

Working Together: Students are encouraged to work together on homework, however, they must be




sure to master the material from their collaborative work. It would be best for your own understanding
if you put aside your notes from the discussions with your classmates and wrote up the solutions
entirely from scratch. Working together on exams, of course, is expressly forbidden.

Absences: See Students Rights and Responsibilities,

www.uky.edu/StudentAffairs/Code/part2.html,
Section 5.4.2.2, for information about valid excused absences and their verification, and making up of
missed assignments.

Cheating: Cheating and plagiarism can lead to significant penalties. See Sections 6.3 and 6.4 of
Student Rights and Responsibilities,
www.uky.edu/StudentA ffairs/Code/part2.html.

Expectations: I expect that everyone will maintain a classroom conducive to learning. I like an
informal atmosphere, but it must be orderly. Thus, everyone is expected to behave with basic
politeness, civility, and respect for others. In particular, talking in class is OK if it’s part of a class
discussion or directed to me. Private communications are not, especially during quizzes and tests.
Neither are reading extraneous materials, using electronic equipment, or sleeping.

Accomodations for students with disabilities: If you have a documented disability that requires
academic accommodations, please see me as soon as possible during scheduled office hours. In order
to receive accommodations in this course, you must provide me with a Letter of Accommodation from
the Disability Resource Center (Room 2, Alumni Gym, 257-2754, email address
ikarnes@email.uky.edu )for coordination of campus disability services available to students with
disabilities."

Suggestions: Suggestions for improvement are welcome at any time. Any concern about the course
should be brought first to my attention. Further recourse is available through the offices of the
Department Ombud and the Department Chair, both accessible from the Main Office in 715 Patterson
Office Tower.



MA 137 Assignment 1 Iteration and Fish Management

MA 137

Assignment 1 — Solutions
Iteration and Fish Management

Wildlife and fishery managers must establish appropriate harvesting plans in order
to ensure proper control over the populations of animals and fish. This time we are
going to look at several different strategies on harvesting fish for a population of fish in a
controlled, landlocked lake. One of our basic assumptions will be that the natural
growth rate of the population during a reproduction cycle depends upon the current size
of that population. An equation for the population of fish » P in the nth reproduction
cycle is given as

P =(1+r)P,_ ~ %(PH ¥ -h,,

n

where
r is the growth rate per cycle,
£ is the capacity of fish in the lake, and
h._ is the number of fish harvested during the previous cycle.

This is a recurrence relation, because the population at a later time depends on the
population at an earlier time. P, is the initial population and P; is the population after
the first cycle. It should be clear that P, will depend on the number of fish with which we
start. This process is called iteration.

Let’s suppose that for the type of fish and the size of the lake, prior research and
experimentation has determined the capacity of fish in the lake to be $\ell=100,000%,
and the growth rate of the population to be r = 0.45 . Therefore the equation with which
we will be working will be:

P =(1+0.45)P,_, ~ m%(Pn“l)z ~h
100,000

n-1

Suppose you stocked the new lake with 85,000 fish. So, we will start with this value:
Py=85,000.

Prospectus 1: What will happen if the fishery adopts the plan to harvest 20,000 fish
during each reproduction cycle? '
This means that we will take h _, =20,000 for every value of n. The equation we
need to iterate is
P =1.45P _ —0.0000045(PL, ) —20,000

Page 1




MA 137 Assignment 1 Iteration and Fish Management

We need to see what happens to the population of fish in the lake. If we harvest too
many each season, then the number of fish will eventually dwindle down to nothing and
we will be out of the fish business. If we do not harvest enough, then the lake will fill
with too many fish, they will be under stress, they will get sick, no one will want to buy
your fish; you get stressed, .... Let’s just say that things won’t go well,

Let’s look at the population over the first 10 reproductive cycles. Thus, we want to
know Po, P, ..., Pio. To do this we would plug in Po to find Py, then plug in P:to find P,
ete,

P, =1.45-P, ~0.0000045:(F, )* —20,000=70,738
P, =1.45'P, - 0.0000045:(P,)* - 20,000 = 60,052

Note two things: first, we truncated to the integer value, since a fractional value of a fish
does not do the business any good. Second, I did not do these calculations by hand. 1
used a calculator. Can we make the calculator do all the work without have to punch in
so many numbers?

Actually, we can handle iteration on a calculator or with a spreadsheet. On the TI-84
Plus, you can graph the values, or just getting values of the different iterations. First, we
need to put the calculator in Sequence mode. Now, when you press the Y= key you get
u(m= and v(7)=. For our equation, we will enter

nMin =0

u(m=1.45*u(n-1)— .0000045(u(n-1))* ~ 20000

u(nMin)=85000
Now to graph the population over the first 10 reproductive cycles, press WINDOW. Fill in
the following values and leave the others as you found them.

nMin =0 Xmax=10
nMax=10 Xscl =1
PlotStart=1 Ymin =0
PlotStep=1 Ymax=85000
Xmin =0 Yscl =10000

Then press GRAPH. Press the right arrow to trace the different iterates of Px.

Problems:
1. Find Ps, ..., Pio. What happens? Will you stay in the fish business, or (pardon the
obvious) is there something fishy going on here?

Substituting n = 3, 4, ..., 10 into the formula for 7, we get:

n 1 2 3 4 5 6 7 8 9 10
P, | 70738 | 60052 | 50848 | 42094 | 33063 | 23022 | 10997 | -4598 | -26763 | -62029
The last three numbers do not make any sense in the framework of this

problem, since you cannot produce a negative number of fish and negative
fish (anti-fish, aunty-fish?) cannot reproduce themselves to get more
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MA 137 Assignment 1 Iteration and Fish Management

negative fish, The table shouid look like the following if any thought has
gone into the context of the problem.

a1 1 2 3 4 5 6 7 [8]91w0

P, | 70738 | 60052 | 50848 | 42094 | 33063 | 23022 {10997 |00 | O

2,

What will happen if you reduce the harvest to only 10,000 fish during each
reproduction cycle?

The formula changes to P,=145P, -0.0000045(P, )" —10,000 and the
numbers we get from the formuia are:

nl 1 2 3 4 5 6 7 8 9 10

P, | 80738 | 77736 | 75524 | 73824 | 72534 | 71499 | 70669 | 69997 | 69447 | 68995

It looks as if the population is still tending to O, but at a slower rate.
What will happen if you reduce the harvest even further? Try a harvest of 5,000.

The formula changes to P, =1.45P,, —0.0000045(P, )" —5,000 and the
numbers we get from the formula are:

nl 1 2 3 4 5 6 7 8 9 10

P, | 85738 | 86240 | B6580 | 86809 | 86962 | 87064 | 87132 | 87178 | 87208 | 87228

Here, the population of the fish is increasing.

Based on these two results you might think that there is a rate somewhere between
5,000 and 10,000 that will result in a constant population of 85,000. If we call this
equilibrium rate y then we can find this stable rate by solving the equation

fory.
4.

85,000 = 1.45:85,000 — 0.0000045-85,0002— Yy

How many fish can we harvest each time to keep a constant population of
85,0007
We need to solve the above equation for y:
85,000 =1.45-85,000 - 0,0000045-85,000% -y

y =0.45x85000 - 0,0000045-85,000% =5737.5
What do we do with the % fish? In other words, do we harvest 5737 fish
per anhum or 5738 fish per anhum? What is the difference?

How many fish could we harvest if we were willing to keep a constant population
of 75,0007 50,0007

We need to set up and to solve the above equation for y when we have lim
Pn=75000 and when lim P, = 50000:
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MA 137 Assignment 1 Iteration and Fish Management

75,000 =1.45-75,000 - 0.0000045-75,000% - y
y =0.45x 75000 - 0,0000045-75,000% =8437.5

and

50,000 =1.45-50,000- 0.0000045 x50,000% -y

y =0.45x50,000 - 0.0000045x50,000% = 11,250
Bonus Problem: Prospectus 2
Consider some additional harvesting strategies. Instead of harvesting a fixed
number of fish each cycle, suppose as fisheries manager you try harvesting a fixed

percentage of the current population each cycle. Let's say you decide to harvest 20% of
the fish in the lake each cycle. Then the equation becomes

P ’'=1.45P,  —0.0000045(P, )

h,=0.2P/

P, =P'-h,
You hope that this kind of proportional harvesting will help to stabilize the population,
because when the population becomes smaller, fewer fish are harvested.

6. Is the population stabilizing? At what value? How could you tell?

We will look at the limit, and, in fact, could look at the plot of the recursion
on the calcuiator, or with Excel:

P =145, -0.0000045-P )2 -0.2P,

A table of values reveals that it is decreasing at a very slow rate. The
limiting value, should it have one, would have to solve the equation:

limP. =1.454imP., - 0.0000045-(limP, )2 - 0.24imP,

P=145xP-0,0000045xP*-0.2xP
0.0000045P* -0.25P =0

0.00000459[9 ] 500000] =0

P = 55556
This says that the population would stabilize at about 55,556.

7. What happens if you change the percentage of the population that you will
harvest to 25%? Will the population stabilize for this business model?

We will do the same as above, except this time our equation is:
P =145-P , -0.0000045-(P, ) -0.25-P ,
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MA 137 Assignment 1 Iteration and Fish Management

A table of values reveals that it is decreasing at a very slow rate, The
limiting value, should it have one, would have to solve the equation:

limP =1.454imP_, -0.0000045-(limP.,)? - 0.25imP,,
P=1.45xP-0.0000045xP? -0.25xP
0.0000045P2 -0.2P=0

0.0000045P[P ] 4°°9°°°J =0

P=44444
This says that the population would stabilize at about 44,444,
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MA 137 ‘[IK«.

Arterial Branching Calculus

In this time of quick diagnosis and many folks being taken to the hospital for heart and
cardiopulmonary surgery, let us look at one problem that has arisen previously in
optimizing the surgery that attaches a blood vessel to an artery. The surgeon must
attach a small blood vessel to an existing artery AB in order to get a blood supply from
point A to point C. In this surgical connection of the small artery to an existing larger
artery, attention must be paid to minimizing the viscous resistance to the blood flow,
that is the resistance to the blood flow for blood traveling from A to C.

C

A ( 0B

The minimization of this viscous resistance will, in turn, minimize the strain on the
heart, which is, after all, what the surgeon wants to do.

The flow of fluids through pipes has been well studied and, after all, blood is just a liguid
flowing through a pipe ~ the artery. The fact that blood is more viscous than, say water,
is important, but what is more important is that the closer the liquid is to the wall the
more friction it has moving against the wall. In fact,

Jean Louis Marie Poiseuille was born in Paris, France, in 1797 and studied at the Ecole
Polytechnique in Paris. He was trained in mathematics and physics, but graduated in
1828 with a dissertation entitled Recherches sur la force coeur aortique. He was
interested in the flow of human blood in narrow tubes. His work lead him to
experimentally derive what is known as Poiseuille’s Law (or the Hagen-Poiseuille
Equation) that describes the voluminal laminar stationary flow! of an incompressible
uniform viscous liquid through a cylindrical tube with constant cross-section. This
seems to work reasonably well for small vessels and capillaries, though not for the larger
arteries, such as the aorta, the brachial artery, or the femoral artery.

According to Poiseuille’s Law resistance is proportional to the length of tube travelled
and inversely proportional to the fourth power of the radius of the tube,

r-kd

T'4

(1)

where R is the resistance, k is a constant, d is the distance travelled along the tube, and r
is the radius of the tube. The proportionality constant is determined by the viscosity of
the blood. Also, blood vessels are not actually rigid, but for short distances, as is the
case in surgery, than are nearly rigid.

1 Laminar flow means that all particles of the fluid pass through the tube along paths that are parallel to
its wall, and that the rate of flow increases smoothly from the wall toward the center.

Arterial Branching Calculus 1




MA 137 .[I:K-

The surgeon's problem is where to make the attachment. If it is moved closer to A the
path travelled by the blood is shortened, but the length travelled in the narrower tube is
increased. If the join is closer to B, the path the blood travels is longer, but less of it is in
the narrow tube. The problem, then, is to find the point between A and B at which to
attach the vessel in order to minimize the resistance to the flow of blood.

C C

. Vi

( B A B

Attachment closer to A Attachment closer to B

It appears rather clear that as we move the point of attachment between A and B, we are
changing the angle at which the smaller vessel is attached to the larger vessel, since the
point Cis fixed and cannot be moved.

The Resistance Equation:

We need to set up some notation for the problem. See the figure below:

Since the artery runs from A to B, we will be safe in choosing the point B so that the
angle ZABC'is a right angle. Of the above quantities we know:

dy — the distance from B to C,
ry — the radius of the artery into which the branch is being placed,

Arterial Branching Calculus 2




MA 137
re — the radius of the branch that is being included,
8o — the angle Z/BAC, and

d, + x — the length of the artery onto which the branch is to be placed.

The variables are

@ — the branching angle ,

d, — the distance from A to the center line of the branch,

d» — the length of the branch,

x — the distance from the center line of the branch to the point B.

Our problem is to find the value of the angle 8 that minimizes the total resistance to the
flow of blood from A to C.

First in order to be able to make use of one variable calculus, we need to express the
other variables in terms of 6. From our diagram above we see that:

d
g="2
cse )

cotd, = did+ X and

(o)

X
cotfd=—
d

From this it follows that
d, =d, csco,
d =d cotd, —x,
x =d, cotd, and thus
d, = d,(cotd, —cotd)
Now, if R = R(0) is the total resistance to the flow of blood, then R is the sum of the

resistance through the artery plus the resistance through the branch vessel. From
Equation (1) we have:

RTOTAL = Rartery + Rbranch

kd, Ikd,
Y
{do cotg, —d cotd d cscb"]
=k +
r r
Since k, do, r; and 8, are constants, we can simplify the above equation by putting
kd,
K= o coté,

I

which is a constant. This simplifies the above equation to:

Arterial Branching Calculus 3




MA 137

R(O)=K +kd {csc@ cot@]

: | 8
T n

Minimizing the Resistance

Without any loss of generality, we may assume that 0 < 8 < 1. Now, we know how to
proceed. We need to differentiate the resistance equation with respect to 8. From our
equation (2) above, we find that:

(3)

R(6)=kd [—csct?cot& _esc? 6’}

4 4
L n

Now, we have to set R “(6) = o0 and solve for 6.

kd()[—-cscﬁcot@ . cse 9] —o

4 4
T T

cscfcotd cesc?o
4 ——a =0
r2 rl

csc@(r;‘ cotd—r} cscﬂ) =0
ricotd-rtescd=0
4 cosd ot

1

sin@ °sin@

?"4
cos @ = 2
7’4

1

4
6 = arccos| = 4)

I

Problem 1: Verify each of the steps in the solution above.
Problem 2: Verify that the value of 6 found above yields a minimum for 6.

Note that the critical value of 8 depends only on the radii of the tubes. This tells us that
the locations of the points A, B, and C are not crucial to the work. The only real place
where they have an effect is in the assumption that the lengths were such that we are
able to assume that the artery and vessel were rigid.

Here is an important point., In this problem the surgeon is concerned with the location
of that the resistance is minimized. He is not interested in the actual amount of the
resistance. We do not need to find Rmi» here, then.

Final Remarks:

It is interesting to note that experimental observations have shown that the angle given
in Equation (4) is close to the actual angles at which blood vessels are attached to
arteries in the body.

Arterial Branching Calculus 4




MA 137 | XA N
Now, the surgeon is still waiting — and, of course, the patient would like to have the
operation in order to relieve heart stress. If you report the value of 8 that we found

above, he or she will still not know where to attach the vessel. You must help.

Problems:

1. Verify each of the steps in the solution above.

2. Verify that the value of 8 found above yields a minimum for 6.
3. Find R"(6)-

4. With reference to the second figure above, for a known value of 8 (such as the
value we found in Equation (4), find the distance P"B” in terms of 6, do and .

Arterial Branching Calculus 5
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48, The quantily {in pounds) of a pourmet ground colfee that is 50, The graph shows the influence of the temperature 7° on the
sold by a coffee company al a price of p dollars per pound maximum sustainable swimming specd § of Coho salmon,
is = f{p). (a) What is the meaning of the derivative 57{7)? What are its
{a) What is the meaning of the derivative f'(8}F What arc ity units?

nnits? (b) Estimute the values of $'(15) and S$425) snd interpret them,
{b} Is (8} positive or negative? Bxplain,
49, The quantity of oxyacn that can dissolve in water depends on {em § o
» [ EERY
the wemperature of the water. (So thermal potlution influences o // ™
the oxygen contend of water.) The graph shows how oxygen 20 ] T
solubility S varies us & function of the water temperature 7. 1
{2} What is the meaning of the derivative S'(T)? What are s a
units? N S R ; R
{h) Estimate the value of (16} and interpret it ‘-"g 0 20 T{°C)
S
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WRITING | EARLY METHODS FOR FINDING TANGENTS
PROIECT '

The first person lo fonnulate explicitly the ideas of limits and derivatives was Sir Isaac Newton in
the 16605, But Newiton acknowledged that “If | have seen further than other men. it is because [
have stood on the shoulders of giants.” Two of (hose giants were Picrre Format (1601-1663) and
Newton's teacher at Cambridge, Izazc Barrow (1630-1677). Newton was Familiar with the metlt-
otls that these men used to find tangent lines, and their methods played a role in Newton's eventual
formulasion of calcutus,

The following references contain explamations of these methods. Reud one or mare of the
references and write a report comparing the methods of either Fermat or Barrow to modern
methads. fn particular, use the method of Seciion 2.7 (o find an equation of the tanpent Jinc to the
curve y = x* 4 2 at the point (4, 3) and show how either Fermat or Barrow would have sofved
the same problem. Although you usel derivatives and they did not, point out similaritics between
the melthods.

1. Carl Boyer andd Uta Merzbach, A History of Mathematics (New York: Wiley, 1989).
pp. 389, 432,

2. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag,
£979), pp. 124, 132

3. Howard Lves, An Intraduction fo the History of Mathematics, 6th ed. (New York: Saunders,
£900). pp. 391, 395.

4. Morris Kline, Marhemarical Thought from Ancient 1o Madern Times (New York:
Oxford University Press, 1972), pp. 344, 346,




hauseholds reccive o of the income, in which case the What is the percentage of toal income received by the

Lorenv curve would he the line y = x. The area between the hattom 50% of the honscholds? Find the coefficient of
Lorenz curve and the fine v = x measures how much the incquality.
income distribution differs from absolute equalits. The ¥ 68. On May 7, 1992, the space shuttle Endeavoir was launched

coefficient of inegnality is the ratio of the aren hetween the

. on mission STS49, the purpose of which was to install a new
Lorenz curve antf the line v = x 1o the area under v = ¢,

pengee kick motor in an Intelsat communications satcilite.
¥ The table gives the velocity data for the shuttle between

E Tiftoff and 1he jetrisoning of the solid rocket hoosers,
et /5
| {aunch
i ; ,
< Resin pol! maneuver : [ {55
ol > Erd roll mancuver 15 g
P Thruitle to 897 - 10 447
. _ - A . Throntle 1 614 32 742
{ab Show that the coefficient of inequality is mvice the area T: | ' e ; ii{
. . [ ! i 3 :
between the Loren? curve and the line v =, that is, Faitle o : 39 b
show that g Magnum dynsmic pressure A2 BLES
‘ . | Solid rocket booster sefuHBiiTL 128 4151
coefficient of incguality = 2 } fv o Lichiefs e e . S A 1

S

fa) Lice o granhing calenlptor or computer to model these
ditar by 2 third-degree polvnamial

o k) L'se the mexdel in part 111 te estimate the height reached

Lix) = G+ hy the Endeavenr, 125 seconds after liftof?,

thy The income distribwtion for o cortain countty is repre-
senied by the Lorenz curve defined by the cquation

WRITING ~ NEWTON, LEIBNIZ. AND THE INVENTION OF CALCULUS
PROIECT

We sometimes read that the inventors of calculus were Sir Isaae Newton (1642-1727) and
Goitfried Withelm Leibniz (168617151, But we know that the basic ideas behind integration
were investipated 230 vears ago by ancient Greeks such as Eudoxus aml Archimedes, and
methods {or finding tangents were pioneered by Pierre TFermat (1601 -1665), [saac Barrow
{1630-1677), and others, Barrow—whe tueht at Combridee and was 2 major influerce on-
Newton—was the firet to understand the inserse relationship hetween differemtiation and intepra-
1ton. What Newton and Eeibniz disd was to use thic relationship, in the form of the Fundamental
Theorem of Caleuhus, in order 1o develop caledfus into a sysfemntic mathematical discipline. 1t
is in this sense that Newtan and Leibniz are credited with the invention of caleuios.

Red abawl the contriutions of theve men in one or more of the piven references and write a
report on one of the {allnwing three topics. You can include biographical derails, but the main
thrust of your report shiould be a description. in some detail. of their methods and patations, Tn
particular, vor shautbd consult one of the sourcebooks, which give excerprs from the vriginat
publications af Newton and Leihnir, transtated from Latin (o Fnglich.

The Role of Newton in the Development of Caleulus
The Rote of Lethniz in the Development of Catewttus

= The Contraversy between the Followers of Newton and Leibniz over
Priotily in the Invention of Calculus
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2. D E. Smith. .. A Searcelook in Muthematics (New York: Dover, 1959y, Chapter V,
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| 55| THE SUBSTITUTION RULE

Recause of the Fundamental Theorem. it"s important to ke able to find antiderivatives. But
our antidifferentiation formulas don’™t 1€t us how to evalonie integrals such as

0 s

To find this integral we use the problem-solving strategy of frmducing something extra.
Here the “something extra” is a new varjahle: we eliange from the variable x to a new vari-
able . Suppose that we let u be the quantity under the ot signin (1), 4 = | + xZ Then

# Differentials ware riafined m Sochan 310 the differential of 1 is du = 2xolx. Natice that if the ¢x in the notation for an integral were
I e £, then 10 be interpreted as a differentinl, then the differential 2x dx would occur in {1} and so,
du = f{x} e formally, without justifving our ealewlation, we could write

But now we can check that we have the correct answer by using the Chain Rule to differ-
entiate the final tunction of Equation 2:
of
iy

3

T Ol e 2 e

In general, this method works whenever we have an integral that we can write in the
form | F(g(x)g'(x) dx. Observe that if F* = f. then

3] | Filgleang(nds = Pyl ¢

B
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